Recently, there has been suggestions that the apparent accelerated expansion of the universe is due not to a cosmological constant, but rather to inhomogeneities in the distribution of matter. In this work, we investigate the behavior of the dust dominated inhomogeneous Lemaître-Tolman-Bondi universe models, and show that they do not permit accelerated cosmic expansion.
Introduction
Kolb and coworkers (Kolb et al. 2005) have recently argued that growing perturbations on a scale larger than the Hubble length may lead to accelerated expansion as observed from the center of the perturbation. This has been followed up by Wiltshire and coworkers (Wiltshire 2005; Carter et al. 2005 ) who considered a dust dominated universe model where the observed universe is an underdense bubble in an Einstein-de Sitter universe. They calculated the luminosity-redshift relationship for their model and found very small deviations from the standard ΛCDM model. The measured type Ia supernova data fit their model well.
However, critical papers have appeared. By considering a universe model where subHubble perturbations are absent, Flanagan (2005) has argued that the contributions from the super-Hubble perturbations to the value of the deceleration parameter is so small, that super-Hubble perturbations cannot be responsible for the acceleration of the universe. Geshnizjani et al. (2005) have argued that to second order in spatial gradients the super-Hubble perturbations only amount to a renormalization of local spatial curvature, and thus cannot account for the negative deceleration parameter. Making an expansion to Newtonian order in potential and velocity, but taking into account fully nonlinear density inhomogeneities, Siegel and Fry (2005) have obtained similar results and conclude that inhomogeneity contributions never mimic the effects of dark energy or induce an accelerated expansion. Hirata and Seljak (2005) have argued from the Raychaudhuri equation that in a dust dominated universe there must be a non-vanishing vorticity in order to obtain a negative deceleration parameter. Then they showed that the perturbations considered in Kolb et al. (2005) have vanishing vorticity and hence a decelerated expansion. Discussing backreaction and spatial curvature in inhomogeneous dust dominated universe models, Rasanen (2005) has argued that the proposal in Kolb et al. (2005) is ruled out.
Most recently Giovannini (2005) has given a general analysis of the class of models considered in Kolb et al. (2005) and claims that the conclusions of Kolb et al. are incorrect. He finds that the dust dominated universe models have decelerated expansion. It is noted in Geshnizjani et al. (2005) , however, that one way of evading these arguments, that are mostly based upon perturbation calculations, is through nonperturbative effects. This is what we will investigate in the present work. We want to know if Einstein's field equations permit inhomogeneity to change the usual positive deceleration parameter of a dust dominated homogeneous universe model to a negative value.
2. Spherically symmetric, inhomogeneous universe models Moffat (2005a,b) has suggested that one may find a dust dominated, inhomogeneous universe model with accelerated cosmic expansion. He did not actually find such a solution in his work, but deduced an expression of the deceleration parameter from the field equations, and discussed the possibility that there exist flat, inhomogeneous, dust dominated universe models with negative deceleration parameter.
The line element for a general, spherically symmetric, inhomogeneous universe model may be written
The Einstein equations are
where κ = 8πG.
Solving the equation G 01 = 0 gives
where f (r) is an arbitrary function of r only. Throughout this paper, we will use a ′ = d/dr to denote differentiation with respect to r and˙= d/dt for differentiation with respect to t.
Moffat defines two "Hubble parameters"
and the deceleration parameter
Then the generalized Friedman equations take the form
where an error in Moffat (2005a) has been corrected in the last equation, and β = f 2 − 1.
Moffat considers universe models of a special class where f (r) = 1, and which contains dust and Lorentz-invariant vacuum energy (i.e. a cosmological constant). The field equations then reduce to
He notes that the inhomogeneous flat de Sitter like universe model with
is a solution of the field equations, and writes: "Thus, the inhomogeneous expanding bubble can inflate when the cosmological constant dominates the expanding bubble."
An inhomogeneous generalization of the flat ΛCDM-universe model may also be found. Adding eqs. (8) and (9) we get
Integrating this equation leads to
where h(r) and g(r) are arbitrary functions. For this solution
, and
Furthermore the deceleration parameter is
From eqs. (7), (9) and (4) it follows that the density is given by
Moffat then considers an inhomogeneous generalization of the flat dust dominated Einstein-de Sitter universe model with line element
The Hubble parameters and the deceleration parameter of this model are
so this model cannot have accelerated expansion. The universe models given by eqs. (10) and (16) are the only solutions of the field equations considered by Moffat.
Moffat then goes on and discusses the deceleration parameter directly from the field equations. Writing Eq.(9) as
he argues that due to the last term the deceleration parameter may be negative even when the cosmological constant vanishes. He then puts Λ = 0 and writes: "If we have
then the deceleration parameter can be negative and cause the universe to accelerate without a cosmological constant or dark energy."
The argument of Moffat is not valid, however, because he neglects the field equation (8). The condition (19) for accelerated expansion can be written
Eq. (8) with Λ = 0 says that
Hence the condition for accelerated expansion in the class of inhomogeneous universe models with f (r) = 1 takes the form H 2 ⊥ < 0, so accelerated expansion is not possible in these models. This can also be seen by adding eqs. (8) and (9) which leads to
Hence q = 1/2 in a dust dominated universe with f = 1 even if it is inhomogeneous.
3. The class of universe models with R(r, t) = a(t)b(r)
In this section we shall show that homogeneous solutions are found by considering universe models with R(r, t) = a(t)b(r). With this factorization of R, eq.(30) takes the form
where k is a constant, since the left hand side is a function of t and the right hand side a function of r.
Now the field equations (6) and (7) demand that
where ρ 0 is the density of matter when a = 1, and is independent of r. Thus, matter must be homogeneously distributed is this case.
where H ⊥ = H r = H. Hence q ⊥ > 0, implying that the cosmic expansion is decelerated for these universe models. Integration of eq. (23), together with eq.(25) leads to
which is the usual Friedman equation of a homogeneous dust dominated universe model.
The homogeneous character of this class of universe models may be seen most clearly by using b(r) as a radial coordinate. Then the line element (1) takes the form
which is the usual Robertson-Walker line element for homogeneous universe models.
The Lemaître-Tolman-Bondi spacetime
We will now consider the general class of solutions where f (r) is not constant, assuming that Λ = 0 (Lemaitre 1933; Tolman 1934; Bondi 1947) . Adding eqs.(6) and (7) we then obtain for the deceleration parameter,
Note that the function β(r) is often written as β(r) = 2E(r)r 2 , where E(r) determines the local curvature radius. The condition for accelerated expansion now takes the form
Inserting the expression for the deceleration parameter, equation (28) becomes
Integration gives
Hence, the dynamical effects of β and α are similar to that of curvature and dust, respectively. Therefore, α(r) is regarded as the gravitational mass function, and one often chooses α(r) ∝ r 3 . Note, however, that α does not appear in the energy-momentum tensor.
Substituting eq.(31) into eq.(30) we find
Permitting inhomogeneity with −βR < α(r) < 0 seems to allow for accelerated expansion even for dust dominated universe models. The dynamical effect of α < 0 corresponds to that of dust with negative density in a homogeneous universe model. It should be noted that the inequality above forbids accelerated expansion in a "big bang" model where the scale factor has the initial value R(0, r) = 0, which implies α(r) > 0. However, this initial condition may not be physically realistic. The universe may have started with a finite scale factor, or maybe has collapsed and reached a finite minimum radius. In such models accelerated expansion does not seem to be forbidden.
Integration of eq.(31) with R(t 0 , r) = R 0 (r) gives
Introducing conformal time η by β 1/2 dt = Rdη, eq.(31) can be integrated to give a parametric version of eq.(33). Choosing t 0 = η 0 = 0, we find for positive β
and finally, for β = 0,
Equations (34)- (36) -36) , we see that the rate of expansion depends on position r through the functions α(r) and β(r). One possible explanation of the observations indicating a present state of cosmic acceleration is that this rate is highest at r = 0 and decreases with distance from the center, since the oldest supernovae are also farthest away. In this case a decelerating universe would seem to be accelerating. Iguchi et al. (2002) have shown that the luminosity relationship of the models with α(r) > 0 can be fitted to the supernova observations at z < 1, but are not compatible with the high-redshift supernovae.
Differentiating eq.(31) and comparing the result with eq.(6) with Λ = 0 we obtain the density distribution for this class of models
where V = R 3 is a comoving volume. Hence a physically realistic model must have α ′ > 0 . Figure 1 shows accelerated cosmic expansion for a dust dominated LTB-universe model with α(r) < 0. However, this model may not be physically realistic after all. The angular part of the line element is R 2 dΩ 2 where dΩ is a solid angle element. At the origin, r = 0, this part of the line element must vanish, and thus R(0, t) = 0. From eq. (31) we then get that α(0) = 0. Since α ′ (r) > 0, it follows that α(r) ≥ 0 for all r. But accelerated expansion is only possible for models with α(r) < 0. Hence, the dust dominated LTB-universe models have decelerated expansion.
We shall now arrive at the same conclusion by some alternative considerations related to the Raychaudhuri equation, which describes the flow of a cosmological fluid in space-time. It can be written as
where a µ ≡ u µ ;α u α is the four-acceleration of the fluid, θ ≡ u µ ;µ is the expansion rate of the fluid and σ and ω are the shear and vorticity scalars, respectively. The latter two quantities are defined as
where
and
In a comoving reference frame the four-velocity of the fluid can be written as u µ = [1, 0, 0, 0]. The divergence of the four-acceleration will then vanish, and the Raychaudhuri equation can be simplified to
Defining the deceleration parameter as
and using the relation R 00 = κ 2 (ρ + 3p), eq. (42) can be written
While eq. (44) is valid for any metric, let us now specialize to the case of a LTB universe model. Moffat claims that the vorticity scalar is non-vanishing for the models he consider, which may permit negative values of q. However, for a comoving fluid in the metric (1) the vorticity tensor (41) vanishes. For this metric the shear can be written as
Finally, assuming the fluid to be pressureless, eq. (44) reduces to
This equation shows that the dust dominated LTB-models have q ≥ 0, meaning that they cannot have accelerated expansion.
Conclusion
Recently it was claimed that inhomogeneous perturbations of Friedman Robertson Walker universe models can result in accelerated cosmic expansion (Kolb et al. 2005) . This was later shown not to be the case (Hirata and Seljak 2005) . However these investigations left open the possibility that solutions of the full Einstein equations for inhomogeneous universe models might exhibit accelerated expansion (Geshnizjani et al. 2005 ). This possibility was followed up by Moffat (2005a,b) who claimed to have found a large class of inhomogeneous dust dominated universe models that can possibly have accelerated expansion.
